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We consider the inelastic scattering of a real on-shell gluon on the strong classical color eld
of a proton (or nucleus) at very high energies, that is a Color Glass Condensate. We derive the
gluon-proton (nucleus) inelastic cross section and show that it is (up to logarithms) infrared safe and
that it grows slowly with center of mass energy. Furthermore, we discuss jet transverse momentum
broadening for the case of nuclear targets. We show that in the saturation regime, in contrast to
the perturbative regime, the width of the transverse momentum distribution is infrared nite and
grows rapidly with energy. In both regimes, however, transverse momentum broadening exibits the
same A dependence.
I. INTRODUCTION
Understanding the behavior of hadronic cross sections at very high energy is one of the major unresolved problems
in QCD. Even though Regge theory can, in principle, predict the energy dependence of hadronic cross sections and
there are many phenomenological models, based on Regge theory, which are somewhat successful in describing the
data, the relation of Regge theory to QCD is not well understood. Therefore, it would be very important to be able
to calculate the high energy behavior of hadronic cross section from QCD itself. However, it is believed that total
cross sections are intrinsically non-perturbative and not amenable to perturbative QCD methods [1]. In this note,
we consider the simpler problem of (real) gluon-proton total inelastic cross section in the very high energy (small x)
limit, using the eective action and classical eld method developed recently, and show that its growth with energy
is inhibited as compared with that expected from perturbative QCD.
At very small x, a hadron is a Color Glass Condensate due to the condensation of gluons into a coherent state with
characteristic momentum of Qs(x) [2{5]. In other words, most of the gluons in the wave function of a proton have
momenta of order Qs(x). As we go to higher energies, Qs(x) increases and eventually will become much larger than
QCD so that αs(Qs)  1 and weak coupling methods can be used. Even though the theory may be weakly coupled,
it is still non-perturbative in the sense that one has high gluon densities and strong classical color elds associated with
them so that the standard perturbative QCD breaks down. Much progress has been made in developing a formalism
which describes this weakly coupled, though non-perturbative region of QCD. It generalizes the standard collinear
factorized (leading twist) expressions for hadronic cross sections and allows one to calculate hadronic cross sections
in an environment where higher twist (high gluon density at small x) eects are important. We refer the reader to
[6] and references therein for a review of this formalism.
One can use this classical eld method to calculate gluon production at high energy [7]. In this brief note, we use
the results of [8] to derive an expression for the gluon-proton (nucleus) inelastic cross section and derive its energy
dependence at very high energies. Using our results for the gluon-proton (nucleus) inelastic cross section, we consider
the transverse momentum broadening of gluons due to scattering from the strong classical eld of a nucleus and show
that it is infared nite, energy dependent and scales like A1=3.
II. GLUON-PROTON INCLUSIVE CROSS SECTION
In the classical eld and eective action approach to hadronic (nuclear) collisions at high energy, one solves the
classical Yang-Mills equations of motion in the presence of random color charges created by the valence quarks and
gluons at high x. One then averages over these color charges with a Gaussian weight to compute physical quantities.
The classical elds of the colliding hadrons (nuclei) before the collision are given by the single-hadron (nucleus)
solutions which, in light cone gauge, are







These elds serve as the initial conditions for solving the Yang-Mills equations of motion in the forward light cone;
they were solved in [8] for the case of asymmetric collisions where the classical eld of one of the colliding sources is
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FIG. 1. Gluon production in inclusive pp scattering at rapidity far from the target proton (i.e., the strong color eld).
The produced gluon eld in the forward light cone region is given by








A(τ, x?) = xU(x?)β(τ, x?)U y(x?) . (2)
We have chosen the gauge condition x+A− + x−A+ = 0. Here, τ =
p
2x+x− denotes proper time and x? is the
transverse coordinate. The U ’s are rotation matrices in color space, to be specied shortly. At asymptotic times,
τ !1, the elds β and βi are given by superpositions of plane wave solutions,

































One can obtain an analytical solution of the classical Yang-Mills equations if one of the elds (the \projectile") is
much weaker than the other (the \target"). This situation is realized physically when jy − ytj  jy − ypj, because of
the renormalization group evolution of the gluon density in rapidity [5,6,9]. In that case, it turns out [8] that the U ’s
appearing in eq. (2) are just the U2’s from eq. (1); that is, to leading order in the weak eld, the plane waves in the
forward light cone are just gauge rotated by the strong eld








Here, we assumed that the target is moving along the negative z-axis, i.e. at negative rapidity yt < 0. In the Color
Glass Condensate model, we now have to average the squared amplitudes over the gauge potentials 1;2(x?, y) using


























Here, µ denotes the density of color charge in the sources per unit of transverse area and rapidity. The radiation












0, p2?) . (8)
Due to the evolution in rapidity, χ1(y)  χ2(y) if jy − ytj  jy − ypj. In terms of the gluon distribution function in








dx gp;t(x, p2?) , (9)
where x0 is on the order of  p? cosh(y)/ps. In the weak-projectile limit the averaging (7) over the gauge potentials
with Gaussian weight can be done [8]. At high transverse momentum, p?  Qt (where Qt is the saturation momentum





















This is to be expected, of course, because the gluon occupation numbers in the target proton become small at p?  Qt,
i.e. that eld becomes weak as well and so can be treated perturbatively.
At small k?, one can apply collinear factorization [12] to the process from Fig. 1 and write it in terms of a collinear
splitting function times a hard scattering function, representing the hard scattering of the collinearly splitted gluon [13]












Removing the convolution with the splitting function, integrating over the impact parameter space (simply a factor of
piR2) and dividing by the number of incoming gluons in the projectile proton which in the weak eld limit is simplyR










dx gt(x, p2?) . (12)
This is the standard expression for the gluon-proton inclusive cross section [10,14] in the one-gluon exchange ap-
proximation which diverges like 1/t2  1/p4? at small momentum transfer. σpertgp grows like a power of energy if
xg(x)  1/x with δ > 0.
Next, we consider the radiation distribution (5) at small transverse momentum, p?  Qt, but large enough so that

















This result is valid to leading order in α2sχ1, but to all orders in α2sχ2. To obtain the gluon-proton cross section, we
again remove the DGLAP evolution of the weak projectile, integrate over the impact parameter and divide by the
number of incoming collinear gluons in the projectile,
R









In the saturation regime, the cross section is of order 1 rather than α2s as in (12) because the occupation number of the
target  1/αs cancels one power of the coupling in both the amplitude and the complex conjugate amplitude. Note













Parameterization of the saturation momentum like a power of energy, Q2t  sγ as done in [15] then leads to a
logarithmically growing cross section
σgp  piR2 log s . (16)
On the other hand, if we use a DLA DGLAP type parameterization Qt  exp
p
log 1/x, the cross section would grow
like a square root of energy. Therefore, it is clear that dierent parameterization of the target saturation scale Qt
would lead to a dierent growth of the cross section with energy. Curiously enough, assuming Qt to grow like slog s
would lead to growth of the gluon-proton cross section like log2 s. In order to determine the energy dependence of
Qt rigorously, one would need to formally dene it in terms of a gluonic two-point function and solve the non-linear
evolution equation that Qt follows. This is however beyond the scope of this work.
Strictly speaking, our results are correct for the cross section per unit area, dσ/d2b. What we have shown here is that
the growth of this cross section at a xed impact parameter is inhibited due to high gluon density eects. In principle,
as we go to larger impact parameters b, the gluon density becomes smaller and smaller until our classical formalism
reduces to the standard pQCD where the gluon density is not that large. Since large impact parameters (where the
gluon density is low and so the classical approach is not valid) are believed to give the dominant contribution to
the total cross section, one should understand the area appearing in (16) as a parameter which we can not precisely
determine. A genuine non-perturbative (strong coupling vs. our weak coupling methods) calculation would presumably
enable one to determine this factor and its energy dependence.
The above equations hold equally well for a nuclear target. In eq. (12) one just has to replace the gluon distribution
function of the proton by that for the nucleus; in the absence of shadowing [3,16], gA(x, Q2) = Ag(x, Q2). On the
other hand, in eqs. (14,15) one substitutes the radius of the proton by that of the nucleus, RA ’ A1=3R.
It is now straightforward to compute the transverse momentum broadening of the incoming gluon jet traversing

























= ρL , (18)
with L the average thickness of the nucleus, and with ρ ’ 0.15 fm−3 the density of nucleons in the nucleus.




dx gA(x, p2?) =
d
d log p2?
















grows proportional to A1=3 if nuclear shadowing is disregarded [14,17]. Appearance of xg(x, Q2min) signies
sensitivity to physics at small momentum transfer. For a discussion of what value of x is to be used in (20), see [14,17].






where Q2A denotes the nuclear saturation scale which, from the denition of χ2  Q2A/α2s in (9), is A1=3 times larger
than that for a proton. Thus, in the saturation regime jet broadening grows with the same power of the nuclear mass
number A as in the perturbative regime
〈
p2?
  A1=3. Also, our derivation shows that the jet transverse momentum
broadening is energy dependent even though we can not determine its energy dependence in a model independent
way. However, for Q2A  sγ [15], we obtain a strong power-law increase of transverse momentum broadening.
At this point, we would like to stress that the situation considered here, namely the scattering of a single real gluon
on a proton or nucleus, is rather dierent from the frequently studied virtual photon-nucleus Deep Inelastic Scattering
(DIS). In the rest frame description of DIS, the virtual photon fluctuates into a quark-anti quark pair (color dipole)
4
which then multiply scatters from the target. This multiple scattering unitarizes the dipole-nucleus cross section
regardless of the exact form of the dipole-nucleon cross section. In the Glauber-Mueller picture [18,19], the dipole
scatters from a nucleon through exchange of a gluon ladder (two gluon exchange) which means there are no saturation
eects in the dipole-nucleon cross section even though the dipole-nucleus cross section is unitarized due to multiple
scatterings [20]. In fact, it has been argued [21] that for onium-onium scattering unitarity limits are reached already
at much lower energy than the energies where the color elds in the target become strong so that saturation occurs.











1− e−1 = piR2A , (22)
where V (p2?)  dσpert/dp2? is the dipole-nucleon scattering cross section. Therefore, to obtain the rise of the cross
section with energy in the asymptotic regime one needs to include saturation eects.
III. CONCLUSION
In summary, we have derived the gluon proton inclusive cross section in the high energy limit. We have shown
that the cross section grows, with reasonable, HERA compatible parameterizations [15] of the saturation momentum,
only logarithmically with energy rather than power like as expected from perturbation theory. This \unitarization"
of the cross section is due to the strong classical elds of the target generated by the high gluon density (higher twist)
eects. We have also considered the transverse momentum broadening of the gluon jet passing through a nuclear
target. We have shown that it scales like A1=3 in both perturbative and saturation regimes and that it is infrared
nite. We predict an increase of jet transverse momentum broadening with energy.
ACKNOWLEDGEMENT
We thank Yu. Dokshitzer, D. Kharzeev, and Yu. Kovchegov for helpful comments and L. McLerran for many
stimulating discussions and a critical reading of this manuscript. This manuscript has been authored under contract
No. DE-AC02-98CH10886 with the U.S. Department of Energy. J.J-M. is also supported in part by a LDRD from
BSA.
[1] A. Hebecker, hep-ph/0111092.
[2] L. McLerran and R. Venugopalan, Phys. Rev. D 49, 2233 (1994); Phys. Rev. D 49, 3352 (1994).
[3] A. H. Mueller, Nucl. Phys. B 558, 285 (1999).
[4] Y. V. Kovchegov, Phys. Rev. D 54, 5463 (1996).
[5] J. Jalilian-Marian, A. Kovner, L. McLerran and H. Weigert, Phys. Rev. D 55, 5414 (1997).
[6] E. Iancu, A. Leonidov and L. D. McLerran, Nucl. Phys. A 692, 583 (2001); E. Ferreiro, E. Iancu, A. Leonidov and
L. McLerran, hep-ph/0109115; J. Jalilian-Marian, A. Kovner, A. Leonidov and H. Weigert, Nucl. Phys. B 504, 415 (1997),
Phys. Rev. D 59, 014014 (1999), Phys. Rev. D 59, 034007 (1999) [Erratum-ibid. D 59, 099903 (1999)]; J. Jalilian-Marian,
A. Kovner and H. Weigert, Phys. Rev. D 59, 014015 (1999).
[7] A. Kovner, L. D. McLerran and H. Weigert, Phys. Rev. D 52, 6231 (1995).
[8] A. Dumitru and L. D. McLerran, hep-ph/0105268.
[9] I. Balitsky, Nucl. Phys. B 463, 99 (1996); Y. V. Kovchegov, Phys. Rev. D 60, 034008 (1999); A. H. Mueller, hep-ph/0110169.
[10] M. Gyulassy and L. McLerran, Phys. Rev. C 56, 2219 (1997).
[11] Y. V. Kovchegov and D. H. Rischke, Phys. Rev. C 56, 1084 (1997); X. Guo, Phys. Rev. D 59, 094017 (1999).
[12] J. C. Collins, D. E. Soper, and G. Sterman, in \Perturbative Quantum Chromodynamics", edited by A. H. Mueller (World
Scientic, Singapore, 1989).
[13] V. N. Gribov and L. N. Lipatov, Yad. Fiz. 15, 781 (1972) [Sov. J. Nucl. Phys. 15, 438 (1972)]; Yad. Fiz. 15, 1218 (1972)
[Sov. J. Nucl. Phys. 15, 675 (1972)]; G. Altarelli and G. Parisi, Nucl. Phys. B 126, 298 (1977); Yu. L. Dokshitzer, Sov.
Phys. JETP 46, 641 (1977) [Zh. Eksp. Teor. Fiz. 73, 1216 (1977)]; Yu. L. Dokshitzer, D. Diakonov and S. I. Troian, Phys.
Rept. 58, 269 (1980).
[14] R. Baier, Yu. L. Dokshitzer, A. H. Mueller, S. Peigne and D. Schi, Nucl. Phys. B 484, 265 (1997).
5
[15] K. Golec-Biernat and M. Wu¨stho, Phys. Rev. D 59, 014017 (1999).
[16] L. L. Frankfurt and M. I. Strikman, Phys. Rept. 160, 235 (1988).
[17] M. Luo, J. Qiu and G. Sterman, Phys. Lett. B 279, 377 (1992); Phys. Rev. D 49, 4493 (1994); X. Guo and J. Qiu, Phys.
Rev. D 61, 096003 (2000).
[18] A. H. Mueller, Nucl. Phys. B 415, 373 (1994); Nucl. Phys. B 437, 107 (1995); A. H. Mueller and B. Patel, Nucl. Phys. B
425, 471 (1994); G. P. Salam, Nucl. Phys. B 461, 512 (1996).
[19] R. J. Glauber, Lectures in Theoretical Physics Vol. 1, Interscience, (1959) p. 315; W. Czyz and L. C. Maximon, Annals
Phys. 52, 59 (1969).
[20] A. Kovner and U. A. Wiedemann, Phys. Rev. D 64, 114002 (2001).
[21] Y. V. Kovchegov, A. H. Mueller and S. Wallon, Nucl. Phys. B 507, 367 (1997).
6
